The thermophoresis and photophoresis of a circular aerosol cylinder normal to its axis in the slip-flow regime (at moderately small Knudsen number) are analyzed with thermal creep, temperature jump, frictional slip, and thermal stress slip at the particle surface. The conservation equations of heat and momentum governing the system at negligible Peclet and Reynolds numbers are solved analytically for the temperature distribution inside and outside the particle and the flow field in the surrounding fluid, and explicit formulas for the thermophoretic and photophoretic velocities of the particle are obtained. The effects of the relative size and optical properties of the particle on its photophoresis are examined from evaluating the heat source function within the particle. It is found that the particle velocities decrease with an increase in the thermal conductivity of the particle relative to the gaseous medium and the effect of thermal stress slip is significant for the case of not too small Knudsen number. The effect of thermal stress slip can augment or reduce the thermophoretic mobility of the particle, depending upon the characteristics of the particle and ambient fluid, but always increases its photophoretic mobility. For specified characteristics of the system, the thermophoretic mobility of an aerosol cylinder is smaller than that of a sphere because of its smaller specific surface area, whereas the photophoretic mobility of a cylindrical particle can be greater or smaller than that of a spherical one.
Introduction
When a solid surface in contact with a rarified gas possesses a temperature gradient, a thin Knudsen layer of the gas will move in the direction of the gradient along the surface. This phenomenon is well known as thermal creep, which provides a mechanism for the thermophoresis and photophoresis of an aerosol particle in the slip-flow regime with the Knudsen number a l / of q nn I τ
Here, T ,  , , and k are the temperature, mass density, viscosity, and thermal conductivity, respectively, of the gas, to Equation (1) as a boundary condition for the fluid velocity v and considering the effect of temperature jump at the particle surface, Brock (1962) determined the thermophoretic velocity of an aerosol sphere in a constant imposed temperature gradient, whereas Reed (1977) and Mackowski (1989) obtained the photophoretic velocity of a spherical particle illuminated by an intense light beam. These analyses have been extended to the thermophoresis and photophoresis of non-spherical aerosol particles (Keh and Tu 2001; Chang and Keh 2010a,b) .
On the other hand, another gas velocity slip at the solid surface proportional to the tangential variation in the normal temperature gradient, called thermal stress slip, was proposed by Sone (1972) . Bakanov (2004) also considered the thermal stress slip as one of the refinements in his theoretical study on the thermophoresis of highly heat-conducting bodies. Actually, Maxwell (1879) predicted a second-order thermal stress term in his slip-flow equation, but it has been omitted over time, perhaps due to its negligible importance compared with the first-order slip effects. To include the thermal stress term in the velocity slip, Lockerby (2004) suggested that the second-order constitutive relations, in addition to the first-order ones, are applied in the slip condition given by Equation (1). In vector form, the thermal stress slip velocity can be written as
where h C is the thermal stress slip coefficient. Note that the thermal stress slip disappears if the frictional slip vanishes (
Yu C. Chang and Huan J. Keh / American Journal of Heat and Mass Transfer (2017) Vol. 4 No. 2 pp. 85-103 87 Recently, the effect of thermal stress slip, incorporating with the effects of the frictional slip, thermal creep, and temperature jump, at the particle surface on the thermophoresis and photophoresis of an aerosol sphere was analyzed Soong et al. 2010; Chang and Keh 2012) . The thermophoretic and photophoretic forces exerted on the particle obtained from these analyses were found to agree better with experimental data in comparison with those predicted by Brock (1962) and Mackowski (1989) excluding the effect of thermal stress slip. It is widely noticed that aerosol particles are generally non-spherical and exploration of effects of particle shape on thermophoresis is needed (Leong 1984; Williams 1986; Keh and Ou 2004; Keh and Chang 2009; Wang and Keh 2010; Chen and Keh 2014) . Also, the photophoresis of a long circular cylinder, such as asbestos fiber or tobacco mosaic virus, with the thermal stress slip at the particle surface has been studied to some extent (Tzeng et al. 2012) .
In this article, a thorough analysis for the thermophoresis and photophoresis of a long aerosol cylinder in the direction perpendicular to its axis in the slip-flow regime with complete effect of thermal stress slip is presented. The equations of heat conduction and fluid motion are solved with satisfying the interfacial conditions of thermal creep, temperature jump, frictional slip, and thermal stress slip. Explicit expressions for the thermophoretic and photophoretic velocities of the particle are derived in Equations (13) and (23), respectively, as functions of the relative size and physical (thermal and optical) properties of the particle. The effects of particle shape on thermophoresis and photophoresis are focused in comparisons between the results for circular cylindrical and spherical particles.
Thermophoresis
We first consider the two-dimensional problem of the thermophoresis of a long circular cylindrical particle of radius a in a gas normal to its axis ( z axis) in the slip-flow regime at the steady state, as illustrated in Figure 1 . The temperature gradient far from the particle, 
 
, respectively, is set at the particle center and the axis 0   points toward the x direction. Our objective is to determine the thermophoretic velocity of the cylindrical particle with the effect of thermal stress slip given by Equation (2) in addition to the effects of frictional slip and thermal creep given by Equation (1).
Temperature Field
For the heat transfer in a system of thermophoresis, the Peclet number is vanishingly small and the equations of energy governing the temperature distribution are At the particle surface, the normal component of heat flux is continuous and a temperature jump proportional to the normal temperature gradient occurs, while far away from the particle, the fluid temperature approaches the undisturbed values. Thus, the boundary conditions for T and p T are (Brock 1962; Keh and Tu 2001) ,
where p k is the thermal conductivity of the particle and t C is the temperature jump coefficient (of the order unity) at the particle surface.
The solution to Equations (3)- (6) is
 cos
where
Fluid Flow Field
Owing to the low Reynolds number encountered in thermophoresis, the two-dimensional motion of the incompressible Newtonian fluid surrounding the particle is governed by the bi-Laplace equation There exist frictional slip, thermal creep, and thermal stress slip along the particle surface given by Equations (1) and (2) and the fluid velocity vanishes far from the particle. Hence, the boundary conditions for the fluid flow are
where   is the viscous shear stress of the fluid,
T can be calculated from Equation (7), and U is the unknown particle velocity (in the x direction).
A set of kinetic-theory predictions of the slip/jump coefficients for complete thermal and dynamic accommodations are
18 . 2 t  C (Talbot et al. 1980) , while the value of the thermal stress slip coefficient h C appears to be 1 (Lockerby et al. 2004; Tzeng et al. 2012 ) to 3 (Bakanov 2004) . It is noted that the term
in Equation (10b) for the thermal stress slip was overlooked and the final formula for the particle velocity is in error in the analysis of Tzeng et al. (2012) .
The solution to Equations (9)- (11) can be obtained as an irrotational flow around the particle,
where U needs to be determined from the boundary condition in Equation (10b).
Thermophoretic Velocity
Applying Equations (7) and (10b) to Equation (12), we obtain the particle velocity
. This equation reduces to the formula for the thermophoretic velocity of a long aerosol cylinder perpendicular to its axis without the effect of thermal stress slip (Keh and Tu, 2001 ) as Chang and Huan J. Keh / American Journal of Heat and Mass Transfer (2017) Vol. 4 No. 2 pp. 85-103 90 In Figures 2 and 3 , numerical values of the normalized thermophoretic mobility * th
) of the cylindrical particle calculated using Equation (13) A corresponding formula of Equation (13) for the thermophoretic velocity of an aerosol sphere of radius a taking account of the effect of thermal stress slip at the particle surface was obtained recently (Chang and Keh 2012 
The dependence of the normalized thermophoretic velocity (13) and (14) with 1 h  C are plotted versus a l / in solid and dashed curves, respectively, in Figure 4 for various values of U for an aerosol cylinder is always smaller than that for a sphere, and the difference can be significant. This outcome is understandable knowing that the thermophoretic motion is driven by the temperature gradient in the Knudsen layer of gas along the particle surface and the specific surface area of the cylinder is smaller than that of the sphere. 
Photophoresis
We now consider the two-dimensional problem of the steady photophoresis of a long aerosol cylinder illuminated by an incident light with intensity I in the x direction shown in Figure 1 .
Here, the temperature gradient along the particle surface originates from a non-uniform absorption of the incident electromagnetic energy within the particle. The purpose is to obtain the photophoretic velocity of the particle with the effect of thermal stress slip at its surface.
Temperature and Fluid Flow Fields
In the case of photophoresis, the governing equations for the heat conduction are given by the Laplace equation (3) 
In this relation, 0 E is the incident electric field strength (in the direction normal to x ),  is the wavelength of the incident light,  and  are the refractivity and absorptivity, respectively, in the complex refractive index . The boundary conditions at the particle surface for the temperature distribution are still given by Equation (5), and now the temperature of the gas far from the cylinder is a constant,
A general solution to Equations (3) and (15) satisfying Equation (17) is
and the dimensionless constants n B and n D need to be determined from the boundary conditions at the particle surface. Application of Equation (5) to Equations (18)-(20) leads to
where the prime on ) ( n R denotes differentiation with respect to  . Similar to the case of thermophoresis considered in the previous section, the fluid flow induced by the photophoretic motion of the force-free cylinder is governed by Equation (9), subjects to the boundary conditions in Equations (10) and (11), and can be expressed in terms of the stream function in the irrotational form of Equation (12). Certainly, the derivatives
in Equation (10b) need to be calculated using Equation (18) now.
Photophoretic Velocity
Applying Equations (10b) and (18) to Equation (12), we obtain the photophoretic velocity of the cylindrical particle,
where the photophoretic asymmetry factor (Yalamov et al. 1976)  
which is a weighted integration of the energy source function over the particle volume and depends on the radiative size parameter (23) reduces to the formula for the photophoretic velocity of an aerosol cylinder normal to its axis without the thermal stress slip (Keh and Tu, 2001) in the limit of
For the corresponding photophoresis of an aerosol sphere of radius a with the effect of thermal stress slip, a formula for the particle velocity was also obtained (Chang and Keh 2012 
with the photophoretic asymmetry factor defined as In fact, the dependence of the photophoretic velocity of an aerosol particle on the radiative absorption is embodied in the photophoretic asymmetry factor 1 J as given by Equation (24) . Experimental data for the photophoretic force exerted on glycerol particles under these conditions were obtained (Arnold and Lewittes 1982) and found to agree with the theoretical predictions for aerosol spheres (Chang and Keh 2012) . Both results of a cylindrical particle [solid curves, as calculated from Equation (23)] and a spherical particle [dashed curves, as calculated from Equation (25)] are presented in Figure 7 for comparison. The asymmetry factor 1 J is calculated from the electric field distribution within the particle using Eq. (A11) in Chang and Huan J. Keh / American Journal of Heat and Mass Transfer (2017) Vol. 4 No. 2 pp. 85-103 96 Appendix A for the cylinder (Owen et al. 1981; Benincasa et al. 1987; Sun et al. 2005; Liu et al. 2010 ) and a typical but similar formulism for the sphere (Bohren and Huffman 1983; Mackowski 1989; Allen et al. 1991) . For a particle of high absorptivity, as shown in Figure 7a , the photophoretic velocity increases with an increase in the value of the particle size parameter  / π 2 a as expected for both cases of cylindrical and spherical particles with a fixed value of * k . When the value of * k is small, the photophoretic velocity of an aerosol cylinder is greater than that of a sphere for a specified value of  / π 2 a , whereas when the value of * k is large, the photophoretic velocity of a cylindrical particle is greater than that of a spherical one only when the value of  / π 2 a is small. The outcome of a greater photophoretic velocity for a cylinder with a small value of * k or  / π 2 a can be explained from the fact that the internal generation heat from the radiative absorption may conduct to the surface of a sphere in all directions but to the surface of a cylinder only in the transverse directions and thus the cylinder has a less uniform surface temperature distribution that the sphere does. for the aerosol cylinder than for the sphere. When the value of  / π 2 a is small that both cylindrical and spherical particles undergo negative photophoresis, the magnitude of the photophoretic velocity for the cylindrical particle is smaller than that for the spherical one. On the other hand, when the value of  / π 2 a is large that both cylindrical and spherical particles undergo positive photophoresis, the cylindrical particle has a larger value of the photophoretic velocity than the spherical particle does, except when both values of 
Concluding Remarks
In this work, an analytical study is presented for the effect of thermal stress slip on the thermophoresis and photophoresis of a long circular aerosol cylinder in the direction normal to its axis in the slip-flow regime with thermal creep, temperature jump, frictional slip, and thermal stress slip at the particle surface. Explicit formulas for the thermophoretic and photophoretic velocities of the cylindrical particle are obtained in Equations (13) and (23), respectively. The effects of the relative size and optical properties of the particle on the photophoresis are determined from evaluating the electric field function within the particle. Our results predict that the particle velocities decrease with an increase in the thermal conductivity of the particle relative to the suspending gas. The effect of thermal stress slip can increase or decrease the thermophoretic mobility, depending upon the interfacial and physical properties of the particle and ambient fluid, but always augment the photophoretic mobility, and this effect increases with an increase in the Knudsen number. For given characteristics of the system, the thermophoretic mobility of an aerosol cylinder is smaller than that of a sphere due to its smaller specific surface area. On the other hand, the photophoretic mobility of a cylindrical particle can be greater or smaller than that of a spherical one, depending on the relative absorptivity, thermal conductivity, and size of the particles. Experimental data on thermophoresis and photophoresis of aerosol cylinders are needed to test the theoretical predictions with the effect of thermal stress slip. 
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